We examine the XXZ model with generalized periodic boundary conditions and identify conditions for the truncation of the functional relations of the transfer-matrix fusion. After the truncation, the fusion relations become a closed system of functional equations. The energy spectrum can be obtained by solving these equations. We obtain the explicit form of the Hamiltonian eigenvalues for the special case where the anisotropy parameter q 4 = −1.
Introduction
The Hamiltonian of the anisotropic Heisenberg-Ising model, or the XXZ model, has the form [1]
We focus on the case where the module of the anisotropy parameter q is equal to 1, i.e., q = e iη . We consider the generalized periodic (twisted) boundary conditions
The spin projection
on the z axis is conserved, i.e., [S z , H XXZ ] = 0. As established in [2] , the energies of chains with different twist parameters are interconnected such that the energy spectrum in the chain with the twist parameter β from the sector with S z = β − 1 contains the energy spectrum of the chain with the twist parameter β − n from the sector S z = β − 1 + n, where n is an integer, i.e.,
This property follows from the quantum group symmetry U q (sl(2)). We say that "one spectrum contains the other" because the number of vectors in the sector
The XXZ model is connected with the two-dimensional classical statistical lattice six-vertex model (the ice model) [1] . The transfer matrixt 1/2 (u) of the six-vertex model commutes with the Hamiltonian, [t 1/2 (u), H XXZ ] = 0, for all values of the spectral parameter u. This matrix also commutes with itself, [t 1/2 (u),t 1/2 (v)] = 0, and is therefore a generating function of the commuting integrals of motion that are in involution. In particular, the Hamiltonian itself can be expressed through the logarithmic derivative of t 1/2 (u) as
Formula (4) allows obtaining the energy spectrum of the XXZ chain if the transfer-matrix eigenvalues are known.
There exists an infinite family of commuting transfer matrices t j (u), where j = 0, 1/2, 1, 3/2, . . .. These matrices satisfy the infinite system of recursive functional fusion relations [3]-[5]
where t 0 (u) = sin N (u + η/2). In this article, we prove that in the case where the anisotropy parameter is the root of unity, q p+1 = −1, the transfer matrix in the representation with the spin j = p/2 has zero eigenvalues on the Bethe eigenvectors if the twist parameter β and the sector S z = s satisfy the conditions
Once the eigenvalue of t p/2 (u) vanishes, the infinite system of functional fusion relations (5) is truncated and becomes a functional equation with respect to t 1/2 (u). Solving this functional equation, it is possible to obtain the XXZ energy spectrum through formula (4). We let the symbol V p,β−s denote the set of the Bethe eigenvectors on which t p/2 (u) has zero eigenvalues. In this article, V p,β−s is fully determined in the terms of the generators of the quantum algebra U q (sl (2)). We call the XXZ model reduced onto the set V p,β−s the reduced XXZ model. As shown in [2], the thermodynamic limit of the reduced XXZ model coincides with the minimal model of the conformal field theory with the central charge
, which gives an additional motivation for this study. The energy spectrum of the reduced XXZ model can be obtained by solving the functional equations for the transfer matrix of the six-vertex model. In Sec. 2, we prove the existence of the Bethe vectors on which the functional fusion relations are truncated if conditions (6) are satisfied. All such vectors are identified in Sec. 3, where we define V p,β−s in terms of the generators of the quantum algebra U q (sl(2)). In Appendix A, we derive the formula for the transfer matrix t p/2 (u). The transfer-matrix eigenvalues and the energy spectrum of the reduced XXZ model for the case where the anisotropy parameter q 4 is equal to -1 are explicitly calculated in Appendix B.
Zereo eigenvalues
We prove the existence of zero eigenvalues of the transfer matrix t p/2 (u) assuming that q p+1 = −1 and conditions (6) are satisfied. The transfer matrix of the six-vertex model corresponding to the XXZ model Hamiltonian with twisted boundary conditions has the form t 1/2 (u) = tr(q
where the R-matrix is 
